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ALEKSANDROV-CLARK MEASURES AND SEMIGROUPS OF
ANALYTIC FUNCTIONS IN THE UNIT DISC
FILIPPO BRACCI†, MANUEL D. CONTRERAS‡, AND SANTIAGO DI´AZ-MADRIGAL‡
Abstract. In this paper we prove a formula describing the infinitesimal generator of
a continuous semigroup (ϕt) of holomorphic self-maps of the unit disc with respect to
a boundary regular fixed point. The result is based on Alexandrov-Clark measures
techniques. In particular we prove that the Alexandrov-Clark measure of (ϕt) at a
boundary regular fixed points is differentiable (in the weak∗-topology) with respect to t.
1. Introduction
The aim of the present note is to study the incremental ratio of Aleksandrov-Clark
measures (sometimes called spectral measures) of continuous semigroups of the unit disc
at boundary regular fixed points, obtaining a measure-theoretic generalization of the well
renowned Berkson-Porta formula at the Denjoy-Wolff point.
To state our results, we briefly recall the notion of Aleksandrov-Clark measures and
semigroups as needed for our aims (for details on Aleksandrov-Clark measures we refer
the reader to the recent surveys [8], [10], [11] and the references therein; while we refer to
[1] and [12] for more about iteration theory and semigroups).
Let D := {z ∈ C : |z| < 1} be the unit disc. Let f : D→ D be holomorphic. Fix τ ∈ ∂D
and consider the positive harmonic function Re (τ + f(z))/(τ − f(z)). Then there exists
a non-negative and finite Borel measure µf,τ (called the Aleksandrov-Clark measure of f
at τ) on ∂D such that
(1.1) Re
τ + f(z)
τ − f(z)
=
∫
∂D
P (ζ, z)dµf,τ(ζ) for all z ∈ D,
where P (ζ, z) = 1−|z|
2
|z−ζ|2
is the Poisson kernel.
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We recall that a point ζ ∈ ∂D is said to be a boundary contact point for f : D → D
if limr→1 f(rζ) = τ ∈ ∂D. In such a case, as customary, we write f
∗(ζ) := τ. It is a
remarkable fact that the angular derivative at a boundary contact point ζ always exists
(possibly infinity). Namely, the following non-tangential (or angular) limit exists in the
Riemann sphere:
f ′(ζ) := ∠ lim
z→ζ
f(z)− f ∗(ζ)
z − ζ
.
The modulus of f ′(ζ) is known as the boundary dilatation coefficient of f at τ . A point
τ ∈ ∂D is a boundary regular fixed point, BRFP for short, for f if f ∗(τ) = τ and f ′(τ) is
finite. If τ is a BRFP for f then the classical Julia-Wolff-Carathe´odory theorem (see, e.g.,
[1, Prop. 1.2.8, Thm. 1.2.7]) asserts that the non-tangential limit ∠ limz→τ f
′(z) = f ′(τ)
and f ′(τ) ∈ (0,+∞).
In 1929, R. Nevanlinna obtained a very deep relationship between angular derivatives
and Aleksandrov-Clark measures. Namely, (see, e.g., [1, p. 61], [11, Thm. 3.1]) he proved
Theorem 1.1 (Nevanlinna). Let f : D → D be a holomorphic self-map and ζ ∈ ∂D.
Then ζ is a boundary contact point of f with f ′(ζ) ∈ C if and only if for some τ ∈ ∂D the
Aleksandrov-Clark measure µf,τ has an atom at ζ (that is, µf,τ ({ζ}) > 0). In this case, it
follows f ∗(ζ) = τ and µf,τ ({ζ}) = 1/|f
′(ζ)|.
A (continuous) semigroup (ϕt) of holomorphic self-maps is a continuous homomorphism
from the additive semigroup of non-negative real numbers and the composition semigroup
of all holomorphic self-maps of D endowed with the compact-open topology. It is well
known after the basic work of Berkson and Porta [2] that in fact the dependence of the
semigroup (ϕt) on the parameter t is real-analytic and there exists a holomorphic vector
field G : D→ C, called the infinitesimal generator of the semigroup, such that
(1.2)
∂ϕt
∂t
(z) = G(ϕt(z))
for all z ∈ D.
A point τ ∈ ∂D is a boundary regular fixed point, BRFP for short, for the semigroup
(ϕt) provided it is a BRFP for ϕt for all t ≥ 0 (and this is the case if and only if τ is a
BRFP for ϕt for some t > 0, see [3]). According to [4, Thm. 1], the point τ ∈ ∂D is a
BRFP for (ϕt) if and only if G(τ) = 0 as non-tangential limit and the non-tangential limit
∠ limz→τ G
′(z) = λ exists finitely. Moreover, if τ is a BRFP for (ϕt) then ϕ
′
t(τ) = e
λt and
λ ∈ R. It is well known that if (ϕt) has no fixed point in D then there exists a unique
boundary regular fixed point τ ∈ ∂D, called the Denjoy-Wolff point of the semigroup,
such that ϕt(z)→ τ as t→∞ for all z ∈ D.
In the rest of the paper we will denote by dm the Lebesgue measure on ∂D normalized
so that m(∂D) = 1 and by δξ the Dirac atomic measure concentrated at ξ ∈ ∂D.
Let (ϕt) be a semigroup and τ ∈ ∂D. We will denote by µt,τ the Aleksandrov-Clark
measure of ϕt at τ . It can be checked (test with Poisson kernels and use the density of
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their span in C(∂D)) that {µt,τ} is continuous (in the weak
∗-topology) with respect to t.
We will prove that it is actually differentiable at 0. Indeed, our first result is the following
(note that µ0,τ = δτ ):
Proposition 1.2. Let (ϕt) be a continuous semigroup of holomorphic self-maps of the unit
disc D. Let τ ∈ ∂D be a boundary regular fixed point for (ϕt) with boundary dilatation
coefficients (eλt). Then there exists a positive measure µ on ∂D such that
(1.3)
µt,τ − δτ
t
w∗
−→ −λδτ + µ, as t→ 0.
The measure µ in (1.3) is strictly related to the infinitesimal generator of the semigroup,
see Proposition 4.1. From such a formula we will obtain our main result:
Theorem 1.3. Let (ϕt) be a continuous semigroup of holomorphic self-maps of the unit
disc D and let G be its infinitesimal generator. Let τ ∈ ∂D be a boundary regular fixed point
for (ϕt) with boundary dilatation coefficients (e
λt). Then there exists a unique p : D→ C
holomorphic, with Re p ≥ 0 and ∠ limz→τ (z − τ)p(z) = 0 such that
(1.4) G(z) = (τ¯ z − 1)(z − τ)
[
p(z)−
λ
2
τ + z
τ − z
]
for all z ∈ D.
Conversely, given p : D → C holomorphic with Re p ≥ 0 and ∠ limz→τ(z − τ)p(z) = 0,
τ ∈ ∂D and λ ∈ R, the function G defined as in (1.4) is the infinitesimal generator of
a semigroup of holomorphic self-maps of the unit disc for which τ is a boundary regular
fixed point with boundary dilatation coefficients (eλt).
In particular, τ is the Denjoy-Wolff point of (ϕt) if and only if λ ≤ 0 and, if this is the
case,
Re
(
G(z)
(τ¯ z − 1)(z − τ)
)
≥ 0 for all z ∈ D,
recovering in this way the celebrated Berkson-Porta representation formula when τ belongs
to ∂D [2].
The plan of the paper is the following. In the second section we compute the singular
part of Aleksandrov-Clark measures of N -to-1 mappings (in particular for N = 1, univa-
lent maps). In the third section we will use such computation to prove Proposition 1.2
and Theorem 1.3. In the final section we discuss some consequences of our results.
2. Singular parts of Aleksandrov-Clark measures for N-to-1 mappings
P.J. Nieminen and E. Saksman [9, p. 3186] already remarked that for holomorphic N -
to-1 self-maps of the unit disc the singular part of the corresponding Aleksandrov-Clark
measures is discrete. In this section we enhance this result explicitly computing such a
singular part.
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Given a positive Borel measure ̺ on ∂D we will write ̺ = ̺s + ̺a for its Lebesgue
decomposition in the singular part ̺s and the absolutely continuous part ̺a with respect
to the Lebesgue measure.
Proposition 2.1. Let f : D→ D be a N-to-1 (N ≥ 1) holomorphic map and let τ ∈ ∂D.
Then there exist 0 ≤ m ≤ N and ζ1, . . . , ζm ∈ ∂D such that f
∗(ζj) = τ , the non-tangential
limit f ′(ζj) of f
′ at ζj exists finitely for j = 1, . . . , m and
(2.1) µsf,τ =
m∑
k=1
1
|f ′(ζk)|
δζk .
Moreover, if x ∈ ∂D \ {ζ1, . . . , ζm} is such that f
∗(x) = τ then lim supz→x |f
′(z)| =∞.
In order to prove Proposition 2.1 we need the following lemma:
Lemma 2.2. Let f : D → D be holomorphic and let x, y ∈ ∂D be such that f ∗(x) = y.
If {zn} ⊂ D is a sequence converging tangentially to x such that {f(zn)} converges non-
tangentially to y then
lim
n→∞
1− |f(zn)|
1− |zn|
= +∞.
Proof. Since {f(zn)} converges non-tangentially to y then there exists C > 0 such that
for all n ∈ N it holds
1− |f(zn)|
|y − f(zn)|
≥ C.
Therefore
lim
n→∞
1− |f(zn)|
1− |zn|
= lim
n→∞
1− |f(zn)|
|y − f(zn)|
·
|y − f(zn)|
|x− zn|
·
|x− zn|
1− |zn|
≥ C ·
[
lim inf
n→∞
|y − f(zn)|
|x− zn|
]
·
[
lim
n→∞
|x− zn|
1− |zn|
]
= +∞,
since lim infn→∞
|y−f(zn)|
|x−zn|
> 0 by Julia’s Lemma (see, e.g., [1]) and limn→∞
|x−zn|
1−|zn|
= +∞
by hypothesis. 
Proof of Proposition 2.1. According to [9, Prop. 5.3] there exists a sequence {zn} ⊂ D
which converges non-tangentially to τ such that
(2.2) ‖µsf,τ‖ = lim
n→∞
∑
w∈f−1(zn)
log |w|
log |zn|
.
Since f is N -to-1, the number of preimages f−1(zn) for each n ∈ N is (at most) N .
Let M := lim supn→∞ ♯{f
−1(zn)} be the supremum limit of the number of preimages
of zn. Notice that 0 ≤ M ≤ N . If M = 0, namely, if f
−1(zn) = ∅ eventually, then
µsf,τ = 0. Assume that M > 0. Then there exists a subsequence {znk} of {zn} such that
♯{f−1(znm)} = M . By (2.2) the mass ‖µ
s
f,τ‖ is expressed as a limit, thus we can replace
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{zn} with {znk} and assume directly that ♯{f
−1(zn)} = M for all n. Let us denote by
{wn,1, . . . , wn,M} the preimages of zn. Again by (2.2), up to extracting subsequences, we
can assume that {wn,j} is converging to σj ∈ D for j = 1, . . . ,M .
Fix j ∈ {1, . . . ,M}. Clearly, since f is open, σj ∈ ∂D. Moreover, since limn→∞
log |wn,j |
1−|wn,j |
=
1 (and similarly for zn), it follows that
lim
n→∞
log |wn,j|
log |zn|
= lim
n→∞
1− |wn,j|
1− |zn|
= lim
n→∞
1− |wn,j|
1− |f(wn,j)|
.
By Lemma 2.2, if {wn,j} converges to σj tangentially then limn→∞
1−|wn,j |
1−|f(wn,j)|
= 0. Sup-
pose then that {wn,j} converges to σj non-tangentially. By the classical Julia-Wolff-
Carathe´odory theorem, either limn→∞
1−|wn,j |
1−|f(wn,j)|
= 0 or the non-tangential limit f ′(σj) of
f ′ at σj exists finitely and limn→∞
1−|wn,j |
1−|f(wn,j)|
= |f ′(σj)|
−1.
Let 0 ≤ m ≤ M and {ζ1, . . . , ζm} ⊆ {σ1, . . . , σM} be the biggest possible subset such
that the non-tangential limit f ′(ζj) exists finitely for every j. Then we rewrite (2.2) as
‖µsf,τ‖ =
m∑
j=1
1
|f ′(ζj)|
.
Moreover, by Theorem 1.1, we know that
m∑
j=1
1
|f ′(ζj)|
δζj ≤ µ
s
f,τ ,
Then (2.1) holds.
To conclude the proof, we need to show that if x ∈ ∂D \ {ζ1, . . . , ζm} is such that
f ∗(x) = τ then |f ′(x)| = ∞. Indeed, if this were not true then by the Julia-Wolff-
Carathe´odory theorem the non-tangential derivative f ′(x) would exist and |f ′(x)|−1δx
would be part of µsf,τ (see, e.g., [11, Thm. 3.1]), contradicting (2.1). 
Corollary 2.3. Let f : D→ D be a univalent map and let τ ∈ ∂D. Then either µsf,τ = 0
or there exists a unique point ζ ∈ ∂D such that f ∗(ζ) = τ , the non-tangential limit f ′(ζ)
of f ′ at ζ exists finitely and
(2.3) µsf,τ =
1
|f ′(ζ)|
δζ.
Moreover, if x ∈ ∂D \ {ζ} is such that f ∗(x) = τ then lim supz→x |f
′(z)| =∞.
Remark 2.4. Corollary 2.3 implies in particular that for a univalent self-map f of the unit
disc and any point τ ∈ ∂D there exists at most one point x ∈ ∂D such that f ∗(x) = τ
and the non-tangential limit of f ′ exists finitely at x. This latter fact can also be proved
directly, see [5, Lemma 8.2].
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Corollary 2.5. Let (ϕt) be a continuous semigroup of holomorphic self-maps of D. Sup-
pose that τ ∈ ∂D is a BRFP for (ϕt) with boundary dilatation coefficients (e
λt). Then
(2.4) µst,τ = e
−λtδτ .
Proof. For every t ≥ 0 the map ϕt is univalent (see, e.g., [1] or [12]). Therefore by
Corollary 2.3 it follows that µst,τ =
1
|ϕ′t(τ)|
δτ and since ϕ
′
t(τ) = e
λt, we are done. 
Remark 2.6. In the proof of Proposition 2.1 and as a byproduct of Theorem 1.1, we used
that for an arbitrary holomorphic self-map of the unit disk f , given τ ∈ ∂D and ζ1, ...ζn
different points in ∂D such that f ∗(ζj) = τ with f
′(ζj) ∈ C for all j = 1, ..., n, then
n∑
j=1
1
|f ′(ζj)|
δζj ≤ µ
s
f,τ .
In particular, we have
(2.5)
n∑
j=1
1
|f ′(ζj)|
≤ ‖µf,τ‖ =
∫
∂D
dµf,τ = Re
τ + f(0)
τ − f(0)
.
Moreover, equality holds in (2.5) if and only if
∑n
j=1
1
|f ′(ζj)|
δζj = µf,τ if and only if
Re
τ + f(z)
τ − f(z)
=
∫
∂D
P (ζ, z)dµf,τ(ζ) =
n∑
j=1
1
|f ′(ζj)|
∫
∂D
P (ζ, z)dδζj(ζ)
= Re
n∑
j=1
1
|f ′(ζj)|
ζj + z
ζj − z
for all z ∈ D,
namely, if and only if f is a finite Blaschke product of order n. Inequality (2.5) was
obtained in [5, Thm 8.1] by Cowen and Pommerenke with complete different techniques.
3. Differentiability of Aleksandrov-Clark measures and the
representation formula
First of all we prove Proposition 1.2.
Proof of Proposition 1.2. For the sake of simplicity, let us denote by µt := µt,τ the
Aleksandrov-Clark measure of ϕt at τ . Moreover, for t ≥ 0 we define
σt :=
µt − δτ
t
.
Let σt = σ
s
t + σ
a
t be the Lebesgue decomposition of σt with respect to the Lebesgue
measure. By Corollary 2.5 it follows:
(3.1) σst =
e−λt − 1
t
δτ .
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Taking the limit as t→ 0, we have
σst
w∗
−→ −λδτ .
Now we examine the absolutely continuous part σat . Since σ
a
t ≥ 0 we have
‖σat ‖ =
∫
∂D
dσat =
∫
∂D
dσt −
∫
∂D
dσst
(3.1)
=
∫
∂D
dσt −
e−λt − 1
t
=
1
t
∫
∂D
dµt −
1
t
−
e−λt − 1
t
(1.1)
=
1
t
Re
[
τ + ϕt(0)
τ − ϕt(0)
− 1
]
−
e−λt − 1
t
= Re
[
2ϕt(0)
t
1
τ − ϕt(0)
]
−
e−λt − 1
t
,
and then, taking the limit for t→ 0 and by (1.2), we obtain
(3.2) lim
t→0
‖σat ‖ = 2ReG(0) + λ.
This implies that {‖σt‖} is uniformly bounded for t << 1. Since the ball in the weak
∗-
topology of measures on ∂D is compact and metrizable, the net {σt} is sequentially com-
pact. Now, by (1.1),∫
∂D
P (ζ, z)dσt(ζ) =
1
t
Re
[
τ + ϕt(z)
τ − ϕt(z)
−
τ + z
τ − z
]
= 2Re
[
ϕt(z)− z
t
·
τ
(τ − ϕt(z))(τ − z)
]
,
and (1.2) yields
(3.3) lim
t→0
∫
∂D
P (ζ, z)dσt(ζ) = 2Re
[
G(z)τ
(τ − z)2
]
.
This implies that given two accumulation points σ and σ′ of {σt} we have
∫
∂D
P (ζ, z)dσ(ζ) =∫
∂D
P (ζ, z)dσ′(ζ). Hence σ = σ′ (see, e.g., [7, p. 10]). Therefore the net {σt} is actually
weak∗-convergent for t→ 0.
Finally, denote by µ the limit of {σat }. Since σ
a
t is a positive measure for all t ≥ 0, so
is µ and the proof is completed. 
Now we are in the good shape to prove our representation formula.
Proof of Theorem 1.3. We retain the same notations as in the proof of Proposition 1.2.
Since
Re
τ + ϕt(z)
τ − ϕt(z)
=
∫
∂D
Re
ζ + z
ζ − z
dµt(ζ) for all z ∈ D,
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and τ+ϕt(z)
τ−ϕt(z)
and
∫
∂D
ζ+z
ζ−z
dµt(ζ) are analytic functions, it follows
τ + ϕt(z)
τ − ϕt(z)
=
∫
∂D
ζ + z
ζ − z
dµt(ζ) + iIm
(
τ + ϕt(0)
τ − ϕt(0)
)
for all z ∈ D.
Hence
τ + ϕt(z)
τ − ϕt(z)
−
τ + z
τ − z
=
∫
∂D
ζ + z
ζ − z
d(µt − δτ )(ζ) + iIm
(
τ + ϕt(0)
τ − ϕt(0)
− 1
)
for all z ∈ D.
After some computations and dividing by t we obtain
ϕt(z)− z
t
=
(1− ϕt(z)τ¯ )(τ − z)
2
[∫
∂D
ζ + z
ζ − z
dσt(ζ) + 2iIm
(
ϕt(0)
t
1
τ − ϕt(0)
)]
for all z ∈ D. Now, by Proposition 1.2, passing to the limit as t goes to 0, we deduce
G(z) =
(1− zτ¯ )(τ − z)
2
[
−λ
τ + z
τ − z
+
∫
∂D
ζ + z
ζ − z
dµ(ζ) + 2iIm
(
G(0)
τ
)]
.
Setting p(z) := 1
2
∫
∂D
ζ+z
ζ−z
dµ(ζ) + iIm
(
G(0)
τ
)
, we obtain (1.4).
Moreover, since τ is a regular boundary fixed point, by [4, Theorem 1] it follows
∠ limz→τ
G(z)
z−τ
= λ. Then an easy computation shows that ∠ limz→τ(z − τ)p(z) = 0.
In order to prove uniqueness, assume that q : D → C is holomorphic and γ ∈ C are
such that Re q ≥ 0, ∠ limz→τ (z − τ)q(z) = 0, and
G(z) = (τ¯ z − 1)(z − τ)
[
q(z)−
γ
2
τ + z
τ − z
]
for all z ∈ D.
Then, by [4, Theorem 1],
λ = ∠ lim
z→τ
G(z)
z − τ
= ∠ lim
z→τ
τ¯(z − τ)
[
q(z)−
γ
2
τ + z
τ − z
]
= γ.
From this, it follows immediately that p = q.
Now we prove the converse: let p : D → C holomorphic with Re p ≥ 0, τ ∈ ∂D and
λ ∈ R, and let G be defined by (1.4). We want to prove that G is an infinitesimal
generator of some continuous semigroup of holomorphic self-maps of the unit disc.
Since Re p ≥ 0, by [1, Theorem 1.4.19], the function
H1(z) := (τ¯ z − 1)(z − τ)p(z) for all z ∈ D
is the infinitesimal generator of a continuous semigroup of holomorphic functions with
Denjoy-Wolff point τ . By [4, Theorem 1], ∠ limz→τ H1(z) = 0 and
∠ lim
z→τ
H1(z)
z − τ
= β
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for some β ≤ 0. Our hypothesis that ∠ limz→τ(z − τ)p(z) = 0 implies that actually
β = 0. Therefore the semigroup associated to H1 has Denjoy-Wolff point τ with boundary
dilatation coefficient 1 for all t ≥ 0. In particular, if λ = 0 we are done.
Assume λ 6= 0. Then H2 : D → C defined by H2(z) := λ(τ¯ z − 1)(z + τ) is also
the infinitesimal generator of a semigroup of linear fractional maps (in fact of hyperbolic
automorphisms) with fixed points τ and −τ (see, [1, Corollary 1.4.16]). Since the set of
infinitesimal generators is a real convex cone (see, e.g., [1, Corollary 1.4.15]), it follows
that G(z) = H1(z) +H2(z) is the infinitesimal generator of a semigroup of holomorphic
self-maps of the unit disc. Moreover,
∠ lim
z→τ
G(z) = ∠ lim
z→τ
H1(z) + ∠ lim
z→τ
H2(z) = 0
and
∠ lim
z→τ
G(z)
z − τ
= ∠ lim
z→τ
H1(z)
z − τ
+ ∠ lim
z→τ
H2(z)
z − τ
= β + λ = λ.
Therefore, by [4, Theorem 1], τ is a boundary regular fixed point of the semigroup with
boundary dilatation coefficients (etλ). 
4. Final Remarks
1. The measure µ in formula (1.3) is strictly related to the infinitesimal generator G of
(ϕt). In fact, from classical measure theory, if µr for r ∈ (0, 1) is the measure defined by
µr = ρrdm with density ρr(ξ) :=
∫
∂D
P (ζ, rξ)dµ(ζ), ξ ∈ ∂D, then
(1) limr→1 µr(ξ) = µ
a(ξ) for m-almost every ξ ∈ ∂D and
(2) µr
w∗
−→ µ.
From (1.3) and (3.3) it follows that
µr(ξ) = 2Re
[
G(rξ)τ
(τ − rξ)2
]
dm(ξ) + λRe
[
τ + rξ
τ − rξ
]
dm(ξ).
Thus, from (1) and (2) above we obtain
Proposition 4.1. Let (ϕt) be a continuous semigroup of holomorphic self-maps of the
unit disc D with infinitesimal generator G. Let τ ∈ ∂D be a boundary regular fixed point
for (ϕt). Let µ be the positive measure defined in (1.3). Then
a) Re
[
G∗(ξ)τ
(τ−ξ)2
]
∈ L1(∂D, m) and µa(ξ) = 2Re
[
G∗(ξ)τ
(τ−ξ)2
]
dm(ξ).
b)
∫
∂D
f(ζ)dµ(ζ) = limr→1
∫
∂D
f(ζ)
(
2Re
[
G(rζ)τ
(τ−rζ)2
]
+ λRe
[
τ+rξ
τ−rξ
])
dm(ζ) for all f ∈
C(∂D).
2. From the proof of Theorem 1.3 it follows that the condition ∠ limz→τ(z− τ)p(z) = 0 is
not necessary in order to show that (1.4) defines an infinitesimal generator, namely, what
we really proved is:
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Proposition 4.2. Let p : D → C holomorphic with Re p ≥ 0, τ ∈ ∂D and λ ∈ R. Then
∠ limz→τ (z − τ)p(z) = β exists for some β ≤ 0 and the function G defined as in (1.4) is
the infinitesimal generator of a semigroup of holomorphic self-maps of the unit disc for
which τ is a boundary regular fixed point with boundary dilatation coefficients (e(β+λ)t).
3. Theorem 1.3 shows that given a semigroup of holomorphic functions (ϕt) with a
boundary regular fixed point τ , its infinitesimal generator G is the sum of the infinitesimal
generator of a semigroup of parabolic holomorphic maps with Denjoy-Wolff point at τ
(namely, H1(z) = (τ¯ z − 1)(z − τ)p(z)) plus, if λ 6= 0, the infinitesimal generator of a
group of hyperbolic automorphisms of the unit disc (namely, H2(z) =
λ
2
(τ¯ z2 − τ)) with a
fixed point at τ . Notice that τ is the Denjoy-Wolff point for (ϕt) if and only if it is the
Denjoy-Wolff point for the group of hyperbolic automorphisms.
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